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■ Abstract. We give lower and upper bounds of Seshadri constants on toric varieties at 
any points. By using the lower bounds and toric degenerations, we can obtain some new 

■ computations or estimations of Seshadri constants on non-toric varieties. In particular, we 
I investigate Seshadri constants on hypersurfaces in projective spaces and Fano 3-folds with 

■ Picard number one in detail. 
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^ ■ 1. Introduction 



In this paper, we study how to estimate Seshadri constants. First, we give lower and 
upper bounds of Seshadri constants on toric varieties at any points. Next, we obtain some 
new estimations of Seshadri constants on non-toric varieties by using toric degenerations. 
We consider varieties or schemes over the complex number field C throughout this paper. 

Demailly [Dem] defined an interesting invariant, Seshadri constant, which measures the 
local positivity of a line bundle on a projective variety: 

Definition 1.1. Let L be a nef line bundle on a projective variety X, and take a (possibly 
singular) closed point p G X. We define the Seshadri constant of L at p to be 

f C L 

e {X, L;p) = e{L;p) := ini 



c [multp(C) j' 
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where C moves all reduced and irreducible curves on X passing through p, and multp(C) is 
the multiplicity of C at p. 

Remark 1.2. It is easily shown that e{L; p) = max{ t > | fj,*L — tE is nef }, where /x : X — )■ 
X is the blowing up at p and E = fi~^{p) is the exceptional divisor (cf. [La2| Chapter 5]). 
Hence there is an inequality e{L]p) < \J E^ j multp(X) for any point p G X, where n is the 
dimension of X. 

For a subvariety Y of X, £:(X, < L|y;p) holds for any j9 G F C X by the 
definition of Seshadri constants. We will use this later repeatedly. 

Seshadri constants sometimes have interesting geometric consequences. For example, 
lower bounds of Seshadri constants induce jet separations of adjoint linear series |Dem] and 
lower bounds of Gromov width (an invariant in symplectic geometry) |MPj . Upper bounds 
sometimes give fibrations or foliations [NaT], |Na2] . |HW] . Seshadri constants are used to 
define the Ross-Thomas' slope stabilities for polarized varieties |RT] . 

But unfortunately it is very difficult to compute or estimate Seshadri constants in general. 
Many authors study about surfaces, but estimations in higher dimensional cases are very 
few. In higher dimensional cases, the following results are known: 

In [EKLj . Ein, Kiichle, and Lazarsfeld show that £:(X, > 1/ dimX holds for a very 
general point j9 G X for any polarized variety (X, L). By [Lalj and [Bau] . lower bounds of 
Sesahdri constants are obtained for abelian varieties. In [Dij or | BDH+ |, Seshadri constants 



on toric varieties at torus invariants points are computed. Somewhat surprisingly, we do not 
know how to compute the Seshadri constant on a polarized toric variety at a not necessarily 
torus invariant point in general. 

In this paper, we investigate toric cases at first. Let M be a free abelian group of rank n 
and set Mr = M ®2 R. For an integral polytope P C Mr of dimension n and a face a of 
P, we will define positive real numbers Si(P; cr), S2(P; o") and show: 

Theorem 1.3 (=Theorem 13. 17p . Let P be an integral polytope of dimension n in Mj^, and 
a a face of P. Then, 

Si{P;a) <e{Xp,Lp;p) < S2{P;a) 

holds for any p G O^, where (Xp, Lp) is the (normal) polarized toric variety defined by P , 
and Oo- C Xp is the orbit corresponding to o . 

An important point is that si(P;cr) and S2(P;cr) are computed or estimated more eas- 
ily than e{Xp, Lp;p). Besides, si(P;cr) = S2(P;ct) often holds, thus we can compute 
e{Xp, Lp;p) exphcitly in those cases. 

Next, we study non-toric cases. In these cases, we mainly consider Seshadri constants at 
very general points (cf. [EKLj ): 

Definition 1.4. Let L be a nef line bundle on a projective variety X. The Seshadri constant 
e{X, L; 1) of L at a very general point is defined to be 

£(X,L;l):=£(X,L;p) 

for a very general point p E X. 

Remark 1.5. In fiat families, ampleness is an open condition in the base. Thus the map 
p I—)- e{X, L; p) from the set of smooth closed points in X to M has some lower-semicontinuity. 
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Hence e{X, L; p) does not depend on the choice of p if p is very general (cf. |La2t Example 
5.1.11]) 

The definition of Seshadri constants can be generahzed to multi-points cases easily (cf. 
Definition 5.4.1], |BDH+i Definition 1.9]): 

Definition 1.6. Let L be a nef line bundle on a projective variety X. For a positive 
integer r, m = (mi, . . . , rrir) G M^Q' ^ points pi, . . . ,Pr G X, the Seshadri constant 
e{X, L] mipi, . . . , rrirPr) of L at pi, . . . ,pr with wight fn is 

f C L 

e{X, L; rriipi, . . . , rrirPr) '■= inf 



I Zli=l "^i inultp, (C) 

where C moves all reduced and irreducible curves on X passing through at least one of 
Pi, . . . ,pr. In the same way as Remark 11.2^ it holds that 

r 

e{X, L; rriipi, . . . , rrirPr) = max{ t > \ fi*L — t rriiEi is nef }, 

i=l 

where : X X is the blowing up at pi, . . . ,pr and Ei = ii~^{pi) is the exceptional divisor 
over Pi. 

As Definition II. 4[ we define the Seshadri constant ^(X, L;m) of L at very general points 
with weight m as follows: 

e(X, L; m) = e{X, L; mi, . . . , rrir) := £{X, L; mipi, . . . , rrirPr) 

for very general points pi, . . . ,Pr G X. 

Since Seshadri constants have some lower semicontinuities, degenerations are useful to get 
lower bounds of Seshadri constants. From Theorem 11.31 we obtain the following theorem: 

Theorem 1.7 (special case of Corollary 14. 4p . Let f : X ^ T he a flat projective morphism 
over a smooth variety T with reduced and irreducible general fibers. Let C be an f -ample 
line bundle on X and G T. Set Xf = f~^{t), Lt = C\xt for t E T. If the normalization of 
the central fiber (Xq, Lq) is isomorphic to the polarized toric variety (Xp, Lp) for an integral 
polytope P C Mk, then 

e{Xt,Lt;l)>SiiP;P) 

holds for very general t eT . 

Roughly speaking, this theorem states that we can obtain a lower bound of the Seshadri 
constant of (X, L) if (X, L) degenerates to a polarized toric variety. 

By using Corollary 14. 4| we obtain explicit estimations of Seshadri constants on hypersur- 
faces and Fano 3- folds with Picard number 1: 

Theorem 1.8 (=Theorem l5.5p . Let X^ be a very general hypersurface of degree d in W"-^^ . 
Then it holds that 

[^/d/{mJl + ■■■ + m^)\ < £(X^", 0(1); m) < ^/d/{ml + ■ ■ ■ + m^) 

for any m = (mi, . . . , m^) G (N \ 0)''. 
In particular, it holds that 

[^\<e{XlO{l);l)<y/d. 



Remark 1.9. Note that Theorem 11.81 does not hold for m G M^q general. 
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Theorem 1.10 (=Theorem l5.7p . For each family of smooth Fano 3-folds with Picard number 
1 (note that there are 17 such families), e{X, —Kx', 1) is as in TableUl where X is a very 
general member in the family. 



No. 


Index 




Description 


eiX,-Kx;l) 


1 


1 


2 


smooth hypersurface of degree 6 in P(l, 1, 1, 1,3) 
(double cover of ramified over smooth sextic) 


6/5 


2 


1 


4 


the general element of the family is quartic 


4/3 


Q 
O 


1 
i 





Ve, smooth complete intersection of quadric and 
cubic 


0/ Z 


4 


1 


8 


Vg, smooth complete intersection of three quadrics 


2 


5 


1 


10 


the general element is Vio, a section of G{2, 5) by 
2 hyperplanes in Pliicker embedding and quadric 


2 


6 


1 


12 


variety Vu 


2 


7 


1 
i 




variety Vu, a section of G{2, 6) by 5 hyperplanes 
in Pliicker embedding 


9 


8 


1 


16 


variety Vie 


2 


9 


1 


18 


variety Vis 


2 


10 


1 


22 


variety V22 


2 


11 


2 


8-1 


smooth hypersurface of degree 6 in P(l, 1,1,2,3) 
(double cover of the cone over the Veronese surface 
branched in a smooth cubic) 


2 


12 


2 


8-2 


smooth hypersurface of degree 4 in P(l, 1, 1, 1, 2) 
(double cover of P^ ramified over smooth quartic) 


2 


13 


2 


8-3 


smooth cubic 


2 


14 


2 


8-4 


smooth intersection of two quadrics 


2 


15 


2 


8-5 


variety V5, a section of G{2, 5) by 3 hyperplanes in 
Pliicker embedding 


2 


16 


3 


27-2 


smooth quadric 


3 


17 


4 


64- 1 


p3 


4 



Table 1: Seshadri constants on Fano 3-folds with p = 1 



This paper is organized as follows: In Section 2, we prepare some notations and conven- 
tions. In Section 3, we examine Seshadri constants on toric varieties and show Theorem 
II. 3[ We also compute some examples. In Section 4, we prove Theorem 11.71 In Section 5, 
we verify Theorems 11.81 and Theorem 11.101 
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2. Notations and conventions 

We denote by N, Z, Q, M, and C the set of all natural numbers, integers, rational numbers, 
real numbers and complex numbers respectively. In this paper, N contains 0. We define 
M>o := {a; G M I x > 0} and M>o := {x G M | a; > 0}. For x G M, [xj , [x] G Z are the round 
down and the round up of x respectively. We denote by ei, . . . , the standard basis of Z" 
or W. 

Unless otherwise stated, M stands for a free abelian group of rank n G N in this paper. 
We define Mx '■= M ®i K for any field K. For a subset S C Mk, we denote the convex 
hull of S by conv(S'). We write S(S') for the closed convex cone 5* spans. For t G M>o, 
tS := {tu I u G S}. For u G M^, S + u := {u' + u\ u' E S} \s the parallel translation of S by 
u. 

A subset P C Mr is called a polytope if it is the convex hull of a finite set in Mir. A 
polytope P is integral (resp. rational) if all vertices are in M (resp. Mq). When cr is a face 
of a polytope P C Mr, we write a ^ P. 

For a polytope P C Mr, we denote by voIm(-P) or vol(P) the Euclidean volume of P 
under an identification of M C with Z" C M". Of course, vol(P) does not depend on 
the identification. When n = 1, we write it |-P|a/ or |P|, and call it the length of P. The 
dimension of P is the dimension of the affine space spanned by P. 

For free abelian groups M and M' of rank n and r, a linear map vr : — )■ is called 
a lattice projection if vr is induced from a surjective group homomorphism M — )■ M' . 

For a subset 5* in a topological space, we denote the closure of 5* by S. 

For a variety X, we say a property holds at a very general point of X if it holds for all 
points in the complement of the union of countably many proper subvarieties. 

Throughout this paper, a divisor means a Cartier divisor. Hence a Q-,]R-divisor means 
a Q-,]R-Cartier Q-,M-Weil divisor respectively. We use the words "divisor", "line bundle", 
and "invertible sheaf" interchangeably. 

We call a pair (X, L) a (Q-)polarized variety if X is a projective variety and L is an ample 
(Q-)line bundle on X. The normalization of a Q-polarized variety (X, L) is (X"*"", 7r*L), 
where vr : X""^ — )■ X is the normalization of X. 

3. Seshadri constants on TORIC varieties 

In this section, we investigate Seshadri constants on toric varieties and prove Theorem 
11.31 We refer the reader to |Fuj for toric varieties. 

Definition 3.1. Let F C N x M be a finitely generated subsemigroup such that F fl ({0} x 
M) = {0} and F generates Zx M as a group. We define a not necessarily normal Q-polarized 
toric variety (X(F),L(F)) as follows: 

(X(F),L(F)) := (ProjC[F],Op,ojc[r](l)). 

Note that the torus Tm '■= SpecC[M] naturally acts on (X(F),L(F)). 
The moment polytope A(F) of (X(F),L(F)) is defined to be 

A(F) := S(F) n ({1} X Mm) C {1} x Mr, 
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which can be regarded as a rational polytope in Mk naturally. 

For a rational polytope P C Mr of dimension n, we define the normal Q-polarized toric 
variety {Xp.Lp) by 



where Tp := S({1} x P)n (Nx M). We write the maximal orbit of Xp as Op, and denote 
by Ip G Op = Tm the identity of the torus. For a face a of P, there is a natural closed 
embedding Xp. Hence we can regard X^ as a closed subvariety of Xp, and O^- is 

considered clS cl Tjvz-orbit in Xp. 

Remark 3.2. For any F, the normalization of {X(T), L(T)) is fi : (XA(r), -^A(r)) (-^(r), -Z^(r)) 
induced by F "-^ S(F) n (N x M) (cf. [Ml Exercise 4.22]). When P is an integral polytope, 
Lp is a line bundle. 

Remark 3.3. For any integral polytope P C Mr of dimension n and any face a -< P, 
e{Xp, Lp;p) is constant for p E because of the torus action. In particular, e{Xp,Lp; 1) 
(in the sense of Definition II. 4p coincides with e{Xp, Lp]lp). 

3.1. At a point in the maximal orbit. In this subsection, we estimate b{Xp, Lp]lp) for 
an integral polytope P. 

Lemma 3.4. Let tt : Mr — )■ be a lattice projection with rankM = n,rankM' = r, 
P C M]R an integral polytope of dimension n. 

Then the closure {Tm', Lp\j^) of Tm' in Xp is a not necessarily normal polarized toric 
variety whose moment polytope is ni^P) C M^, where Tm' Tm = Op C Xp is induced by 
the surjection 7[\m '■ M M' . 

Proof. For simplicity, we set P' = vr(P). 
There is a commutative diagram 



(Xp,Lp) := (X(Fp),L(Fp)), 



S({l}xP) 



c 



M X M 



S({1} X P') 



c 



Rx ML 



By intersecting with N x M or N x M', we have 



Fp = S({1} X P) n (N X M) 



c 



N X M 



Tp' 



S({1} X P') n (N X M')^ 



N X M'. 



Note that the above Fp — )■ Fp/ is not necessarily surjective. Set F' = (idN X7r|M)(rp)- Then 
F' generates Z x M' as a group and A(F') = P' because dimP = n and ttIm '■ M ^ M' is 
surjective. 
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The above diagram induces 

Xp = Proj C[rp] ^Tm 

x(r) = ProjC[r'] ^-t^Tm' 

V 

Xp, = ProjC[rp,] --t^Tm', 

where t is a closed embedding, % and i! are open immersions, and v is the normahzation. 
Therefore (T^-/, Lp| jr-^) = (X(r'), L(r')), whose moment polytope is P' . □ 



Let TT : Mk — )■ M^, P, and P' = 7r(P) be as in Lemma 13. 4[ and set 

P{u') = 7T-\u')r\P 

for u' e P'n M'q. An sphtting M ^ ker ttIm © M' of ^ ker ttIm ^ M '"^ M' ^ induces 
the identification of tt~^{u') with kervr, hence we can consider P{u') as a rational polytope 
in kervr = (ker7r|Af)R- Assume that the dimension of P{u') is n — r. Then P{u') defines the 
Q-polarized toric variety {Xpiui)^ Lp(u')), and the isomorphic class of (Xp(u/), Lp(u/)) does 
not depend on the choice of M = kervrlA/ © M' . 



Lemma 3.5. Let vr : Mr — )■ M^,P, and P' = ii{P) he as in Lemma 3.4, and take u' G 
P' n Mq such that dim P(?i') = n — r. Then, there exists a generically surjective rational 
map if : Xp Xp(^u') such that for any resolution fi : Y ^ Xp of the indeterminacy of (p, 
the following conditions hold: 

(i) ^i*Lp — f*Lp(^u') is Q-effective, where f = ip o fj,, 

(ii) /i(/~^(lp(„/))) n Op = Tm' holds for lp(„/) G Op(„/) C Xp(„/) . 




Proof. By considering kP for sufficiently large and divisible A; G N, we may assume u' is 
contained in M' and P{u') is an integral polytope. Furthermore, by considering P — u for 
u G (7r|A,/)^^(^/'')) ^6 may assume m' = G M'. Hence P{u') is an integral polytope in 
7r-i(0) = (ker7r|M)R- 

There is a commutative diagram 



S({l}xP)c 



X Mh 



S({1} X P{u')Y 



X ker TT. 
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By intersecting with N x M or N x kervrlM, we have 

Tp = S({1} X P) n (N X M)c ^ N X M 

rp(„/) = S({1} X P{u')) n (N X kervrlM)^ x ker7r|A/. 

This diagram induces 

Xp = Proj C[rp] ^ ^Op = Tm 

Y f 
Xp(u') = Proj C[rp(„/)] -6 ^Op(^u') = ^kervrlM- 

Then (yj is generically surjective because (p\tm is surjective. We show this ip satisfies (i) and 
(ii) in the statement of this lemma. 

Clearly Lp\^^^(lp(^u')) = Tm', hence (ii) holds. 

Let fi : Y ^ Xp be a resolution of indeterminacy of ip. Then Xp,Xp(u/) are normal and 
/i, / have connected fibers. Thus 

/c/*Lp(„/)) = ^^H°{Xp(^u'),kLp(^u')) = ^p(u'), 
ifceN feeN 

H%Y, kix*Lp) = H%Xp, kLp) = Tp. 
ken keN 
Therefore an injection f*Lp(u') "-^ fJ'*Lp is induced from the injection 

0if°(F, A;/*Lp(„,)) = rp(,,) 4 Tp = ^H\Y,kfi*Lp). 

keN keN 

Hence (i) holds. □ 

We need one more lemma, which states that lower and upper bounds of Seshadri constants 
are obtained from surjective morphisms. 

Lemma 3.6. Let f : Y ^ Z be a surjective morphism between projective varieties. Assume 
that L, L' are nef and big Q-divisors on Y, Z respectively such that L — f*L' is 'Q^- effective. 
Set B(L — f*L') = Bs{\k{L — f*L')\) for sufficiently large and divisible A; G N (which is 
called the stable base locus of L — f*L' , and does not depend on k. See |La2l Remark 2.1.24]^. 
Then 

min{miii e{Yi,L\Y,]y),e{Z,L'- f{y))} <e(Y,L;y) < mm e(Yi, L\Y,;y) 

l<.i<r l<i<r 

holds for y ^ B(L — f*L'), where Fi, . . . , are all the irreducible components of f^^{f{y)) 
containing y with the reduced structures. 

Proof. We may assume L and L' are ample. In fact, for nef and big L,L', choose ample 
divisors A, A' on Y, Z such that y ^ B{A - f*A'), and consider L + 6A, L' + 6A'{6 > 0) 
instead of L,L'. Then we can show this lemma from ample cases by 5 — )■ 0. 

The second inequality is clear by the definition of Seshadri constants, thus it is enough 
to show the first one. For the sake of simplicity, we set z = f{y). 
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Fix a curve C CY containing y. 

C L 

It suffices to show min{minj L|y;; y), ^(Z, L'; /(y))} < 



multy(C) 
Case 1. C C f-\z). 

C L C L\y- 

Since C dYi for some i, — , " , = J" > e{Yi, L\Y,;y) holds. 

multy(C) multj,(C) 

Case 2. C ^ f'\z). 

Set C = f{C) with the reduced structure and fix a rational number < t < e{Z, L'; z). 
Then for any sufficiently large and divisible G N, there exists D' G \kL' tn^*| such that 
C (/l SuppD' by the ampleness of L' and |La2t Lemma 5.4.24]. Clearly pD' G \kf*L! ®vci^^\ 
and C (f. Supp /*-D', hence we have 

k[C.L) = kC.{L- f*L' + f*L') 

= kC.{L- f*L') + C.f*D' 

> C.f*D' 

> kt-mn\ty{C). 

C L 

Note C.(L - f*L') > holds by the assumption y ^ B(L - f*L'). Therefore — r^r^ > t 

multj/(C) 

C L 

holds and we have — - — -— > e(Z, L'; by t — )■ e(Z, L'; z). 
multy(C) 

Thus for any curve C dY containing ?/, (*) holds. □ 

By Lemmas 13.41 13. 5[ and 13. 6[ we obtain the following proposition, which is useful to 
estimate e{Xp,Lp] Ip). The lower bound in this proposition is essentially a generalization 
of an Eckl's result [Eel Theorem 2.2], which is the case n = 2,r = 1. Note that Eckl's proof 
is rather algebraic in comparison with our geometrical proof. 

Proposition 3.7. Let n : Mjr be a lattice projection for free abelian groups M and 

M' of rank n and r. Let P C an n-dimensional integral polytope, and set P' = vr(P). 

Fix u' ^ P' n Mq such that dim P('u') = n — r. Then it holds that 

min{£:(Xp/, Lpr, Ip/), £(Xp(„/), Lpf^^')] lp(«'))} — ^i-^P-: ^p) — ^i^P'^ ^p'j ^p')- 

Proof. Let (f : Xp --->■ Xp(„/) be the rational map defined in Lemma 13.51 For a toric 
resolution : F — )• Xp of the indeterminacy of ip, the stable base locus B(/i*Lp — f*Lp(^u')) 
is contained in F \ O, where O is the maximal orbit of Y . By applying Lemma 13.61 to 
f : Y ^ Xp(„/), /i*Lp, Lp(^u') and the identity ly of the torus O C F, we have 

min{£(Yi, {fi*Lp)\Y^; ly), £:(Xp(„/), Lp(„/); lp{u'))} 

< £(F,/i*Lp;ly) < £(Fi,(/i*Lp)|y,;ly), 

where Yi is the irreducible component of /~^(lp(„/)) containing ly. Since fi : Y Xp and 
/|yj : Yi — i- T]\ji{g Xp) are birational and isomorphic around ly from the proof of Lemma 
[331 it holds that e(Y,fi*Lp; ly) = e{Xp,Lp] Ip), e{Yi, {^*Lp)\y^] ly) = £:(Tm/, Lpj^r^; Ip). 
The normalization of {Tm'iLp\7j^) is {Xpi,Lp/) by Lemma [3.41 Thus we have 



e{Yi, {h*Lp)\y^] ly) = e(TM',Lp\jr^] Ip) = e{Xp>,Lpr, Ip/). 
From these equalities, this proposition follows. □ 
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In view of Proposition 13. 7[ we define invariants Si{P) and S2{P) for a rational polytope 
P C as follows: 

Definition 3.8. Let P be a rational polytope in Mr. We define Si(P) = sf^{P) G ]R>o for 
which Si{P + u) = Si{P) holds for any u G Mq by induction of n as follows: 

When n = 1, we define Si(P) = |P|a/5 the length of P. Note that M C is identified 
with Z C M as stated in Section [21 Clearly Si(P + u) = si{P) holds for any u G Mq. 

Assume such si(P) is defined in the case of rank n — 1, and set 

$ = { TT : Mr — )■ (Z)]R = M I vr is a lattice projection }. 

Fix TT G $ and choose a splitting M = ker7r|M © Z of ker7r|M M ''-^^ Z 0. 
Then for u' G Q, 7r~^(M') fl P can be regarded as a rational polytope in kervr = {keni\M)M. 
naturally. Thus we can define s^^^^^"^' {'n-^'^{u') fl P) G M>o by the induction hypothesis. 
Another choice of the splitting only causes a parallel translation of 7r~^(M') fl P in kervr, 
hence s\'^^''^'^' {tt~^{u') fl P) does not depend on the splitting by the induction hypothesis. 
We define 

Si(P) = (P) := supmin{ |7r(P)|z, sup s^''""^^' {n-\u') n P) }. 

ttg* u'eQ 

Clearly, Si(P + u) = Si(P) holds for any u G Mq. 

The definition of S2{P) is more simple. For a rational polytope P C Mk, S2{P) G ]R>o is 
defined to be 

S2(P) = inf |7r(P)|z. 

By definition, S2(P + u) = S2{P) holds for any P and u G Mq. 
We define Si({0}) = S2({0}) = +oo, Si(0) = S2(0) = if n = 0. 




Remark 3.9. Let be a finite dimensional R-vector space, and take two lattices Mi, M2 of 
V, hence (Mi)k = (M2)m = V. In general sf^P) ^ sf^(P) for P C and i = 1,2. Thus 
we have to notice which lattice we consider about when we deal with Si(-), S2(-). 

By Proposition 13. 7[ we can show that si{P) and S2(P) give a lower bound and a upper 
bound of e{Xp, Lp; Ip) respectively: 
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Proposition 3.10. Let P C Mjr be a rational polytope of dimension n. 
Then for any p E Op C Xp, it holds that 

si{P)<e{Xp,Lp-p) < S2{P). 

Proof. By the torus action, we may assume p = Ip. We show this proposition by induction 
of n. 

If n = 1, then e{Xp,Lp; Ip) = deg(Lp) = \P\. By definitions si{P) = S2{P) = \P\, thus 
the inequalities in the proposition follow. 

We assume this proposition holds if the rank of M is n — 1, and show the case of rank n. 

We use the notations in Definition 13.81 Fix vr G i.e., vr : Mr — )■ M = (Z)ir is a lattice 
projection. We can apply Proposition 13.71 to P and u' G vr(P) fl Q such that dim(7r^^(M') fl 
P) = n — 1. Then we obtain inequalities 

min{£(X^(P), (P)), £(X,-i(„,)nP, L^-^u')nP] K-Hu')np)} 

< e{Xp,Lp;lp) < £:(X7r{p), L7r{P); lvr{p))- 

Note that Proposition 13. 71 can be applied to rational polytopes. Now £:(X^(p), L^^i^py, l-„{p)) = 
|7r(P)|, and by the induction hypothesis we have 

Si{t!'^^{u') n P) < £:(X^-i(„/)np, Ljr-i(„')np; ^TT-^{u')np)- 

Thus these inequalities induce 

mm{\7r{P)\,Si{n-\u') n P)} < e{Xp, Lp; Ip) < |7r(P)|. ■■•(*) 

Note that (*) also holds if dim(7r~-^(M') (IP) < n — 1 since sii^ir^^^u') fl P) = for such 
u' e Q. (This can be shown easily by the definition of si.) Moving u', we have 

min{|7r(P)|,supsi(7r-^(n') nP)} < £(Xp,Lp;lp) < |7r(P)|. 

u'eQ 

By moving it, we obtain Si(P) < e{Xp,Lp; lp) < S2(P). □ 

Remark 3.11. (1) Note that S2{P) is called the lattice width of P. The author |It2] proved 
that £:(Xp,Lp;lp) = 1 if and only if S2{P) = 1 for any integral polytope P C Mr of 
dimension n. But in general, e{Xp,Lp; lp) 7^ S2{P). See Example 13.121 (3). 

(2) If |7r(P)| < si{n^^{u') n P) holds for some vr G $ and m' G Q, we have e{Xp, Lp; lp) = 
|7r(P)| = si(P) = S2{P) by Proposition [SlOl 

(3) The upper bound S2{P) can be a little improved. In fact, 

e{Xp, Lp; lp) < inf -"(/(rankM')! voW (vr(P)) 

holds, where tt : Mr — )■ moves all lattice projections from Mr. This is shown from 
Proposition 13.71 and Remark 11.21 immediately. 

3.2. At a point in the maximal orbit, Examples. By using Propositions 13. 7[ I3.10[ we 

estimate e{Xp, Lp; lp) for some P. 

Example 3.12. (1) Set P^ = conv(0, ei, . . . , e„) for the standard basis ei, . . . , e„ of Z". 
We apply Proposition 13.71 to the n-th projection vr : — )■ M and m' = G M. Since 
P' = 7r(P) = [0, 1] C M, we have e{Xp,,Lp,; lp,) = \P'\ = 1. On the other hand, P(m') = 
Pn_i = conv(0, ei, . . . , e^-i) C M""^. By Proposition 13. 7[ it holds that 

min{l,£(Xp„_,,Lp„_,;lp„_J} < £(Xp„, Lp„; IpJ < 1. 
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Since e{Xp^,Lp-^ \ IpJ = |Pi| = 1, we have e{Xp^, Lp^; lp„) = 1 for any n inductively. Note 
that (Xp„,LpJ = (P^O(l)). 

(2) Set P = conv((0, 0), (a, 0), (0, b), (a, b)) C for a < 6 in N\0. We apply Proposition O 
to the first projection vr : ^ M and m' = G M. Then e{Xp, Lp; Ip) = e{Xp>, Lpr, Ip,) = 
a by Remark [Xm (2) because \P'\ = a < b = si{n-^{0) n P). Note that {Xp,Lp) = 
(pi X F\0{a,b)). 

(3) Set P = conv((l, 0), (0, 1), (-1, -1)) C M^. Since P is a triangle, it holds \n'\u') n P\ ■ 
7r(P) = 2 ■ vol(P) = 3 for any lattice projection vr : — )■ M, where n^^^u') flP is the longest 
fiber of P ^ 7r(P). Thus si(P) = min{s2(P), 3/s2(P)} holds. It is easy to see S2(P) = 2, 
hence we have si(P) = 3/s2(P) = 3/2. Thus 3/2 < e{Xp, Lp; lp) < 2 holds by Proposition 
13.101 Note that Xp is the singular cubic surface in = Proj C[To, Ti, T2, T3] defined by 
Tq = T1T2T3 and Lp = 0{1). For any (integral and not necessarily smooth) cubic surface 
S* C P^ and a general point p E S, the plane in P^ tangent to at p induces a singular curve 
C ~ Os{l). Thus e{S,0{l);p) < 3/2 holds. Hence we have Si(P) = 3/2 = e{Xp,Lp; lp) < 
S2(P) in this case. 

(4) It is well known that there are five toric Del Pezzo surfaces. For an integral polytope 
P C such that Xp is a Del pezzo surface and Lp = —Kxp, we can easily find a projection 
71 and G Q as in Remark [3. Ill (2) and compute e{Xp, Lp; lp). As a consequence, we have 

r 3 ifxp = p2 

e[Xp,Lp,lp}-<^ 2 otherwise 

for such P. 



In the above examples, Seshadri constants can be computed without using Propositions 
13.71 13.101 The following examples are new computations of Seshadri constants on toric 
varieties. 

(5) We consider a weighted projective space P(a, b, c) with c = max{a, b, c}. We may assume 
any two of a, b, c are coprime. Since a and b are coprime, we can denote c = pa + qb for 
integers p,q such that < g < a. Let P C be the convex hull of (0,0), {ab,qb) and 
{ab, —pa). 




It is easy to see that (Xp,Lp) = (P(a, 6, c), C(a6c)). Since P is a triangle, we have 
Si(P) = min{s2(P), a6c/s2(P)} < £:(Xp,Lp;lp) < S2(P) as (3). In other words, it holds 
that 

min{s2(P)/a6c, l/s2(P)} < 6(F{a, b, c), 0{1); 1) < S2{P)/abc. 
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Since S2{P) can be computed by finite calculations for any given a,b,c (or more generally, 
any given integral polytope in R"), we obtain an explicit estimation. If S2{P) < V abc, it 
holds e(P(a, 6, c), 1) = S2{P)/ahc. For example, 

(i) When p > 0, we consider the first or second projections — )■ M as vr. Then we have 
|7r(P)| = min{a6, c} < \fahc. Thus it holds 

£(P(a, 6, c), 0(1); 1) = min{a6, c}/ahc = min{l/c, l/ah) 

by Remark 13.111 (2). For instance, p > holds if a = 1, 2, or ah < c. 

(ii) When p < 0, we have |p2(-P)| = Qb for the second projection p2 : M. Thus, if 
qb < V abc, i.e., q'^b < ac, it holds that e{¥{a,b,c),0{l); 1) = qb/abc = q/ac. For example, 

£(P(3,5,7),0(1);1) = 2/21 

holds since 7 = — 1 ■ 3 + 2 ■ 5. 

(iii) If a = 3, 6 = 4, c = 5, we have S2{P) = 8. In this case, S2{P) = 8 > 2y/T5 = \/ abc. 
Thus we have only the estimation 

1/8 < e{¥{3, 4, 5), C(l); 1) < 2/15. 

(6) There are 18 smooth toric Fano 3- folds (cf. |Batj . |WWj ). As (4), we can easily compute 
e{Xp,Lp; Ip) if Xp is a smooth toric Fano 3-fold and Lp = —Kxp- For such P, we can 
show 

( 4 if Xp = P3 
e{Xp,Lp-lp) = I 3 if Xp = P(Opi ©Opi ©Opi(l)) 
I 2 otherwise. 

(7) We give examples of a polarized variety (X, L) satisfying 

£(X,L;1) = G N---(*) 

for n = dimX. We construct such examples by induction of n as follows: 

When n = 1, {Xp, Lp) satisfies the condition (*) for any integral polytope P in Mk = M. 
Note (*) always holds if X is a curve. 

Let P C Mr be an integral polytope such that (Xp, Lp) satisfies (*). Choose u,v G ZxM 
such that uv fl ({0} x P) ^ ij) and \uo — fo| = ^/Lp =: m G N, where uv is the segment 
in (Z X M)k whose end points are u and v, and uo,vo are Z-components of M,f G Z x M 
respectively. Set P = conv(M,f,{0} x P) in (Z x M)k. By applying Proposition 13.71 to 
the first projection vr : M x Mk — )■ M and G M, we have e{Xp, Lp; lp) = m. Since 
L-"^^ = (n + 1)! vol(P) = m""*"^, (Xp, Lp) is an n + 1-dimensional example satisfying (*). 
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(8) Set P = conv(ei, 
we have 



. Cn, — Sr=i ^i^i) f*^^ rational numbers ai, 

+ ■ ■ ■ + a„ + 1 



,an>0. Then 



1, 5(Xp,Lp;lp) 



\P\ = ai 



e{Xp, Lp; Ip) > rnm 

i<«<n Oj+i H h a„ + 1 

We show this by induction of n. When n 

cii H h a„ + 1 , . 

mini<j<„ . iiius (**) holds. 

tti+i H h an + 1 

Assume (**) holds for n — 1. We apply Proposition 13. 71 to the n-th projection vr : — t- K 
P and G 7r(P) n Q. Then P(0) = 7r-^(0) H P = conv(ei, . . . , e„_i, -l/{an + 1) Er=/ "i^i 
and P' = 7r(P) = [— a„, 1] C M. By induction hypothesis, 

ai/ (a„ + 1) H h a„_i/ (a„ + 1) + 1 



£iXp(o), LpiQ)] lp(o)' 



> min 

i<j<n-i tti+i/ (a„ + 1) H h a„_i/(a„ + 1) + 1 



mm 



+ fln + 1 



i<i<n-i aj_^i + h a„ + 1 



holds. By Proposition 13. 7[ it follows that 

5(Xp,Lp;lp) > min{£:(Xp/, Lp/; lp/), e(Xp(o), Lp(o); lp(o))} 

aj + h a„ + 1 



> min{a„ + 1, 



mm 



l<i<n-l a. 



ttj + ■ ■ ■ + a„ + 1 



+ 



+ a„ + 



mm 



l<j<n ttj+i + ■ ■ ■ + a„ + 1 

We will use this lower bound in Section O 

3.3. At a point in any orbit. Next, we consider the Seshadri constant on a toric variety 
at a point not necessarily contained in the maximal orbit. 

Definition 3.13. Let P be an integral polytope of dimension n in Mr, and v a vertex of 
P. We define 

s{P]v) = min{ \t\m^ \v -<t -< P, dimr = 1} G N \ 0, 

where Mr = M(r — r) fl M and we consider r as a subset in (Mt-)r = M(r — r) by a parallel 
translation. If M = {0}, we set s(P; v) = +oo for P = f = {0}. 

Let cr be a face of P. Let vr : Mr — )■ M]r/]R((T — a) be the natural projection and 
set M' = Ti{M),P' = vr(P), and v' = vr((T). Note that P' is an integral polytope in 
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= Mir/R((t — (t) and v' is a vertex of P'. Then Si(P; a), S2{P; cr) G M>o are defined to 

be 

s,{P;a)=mm{s^'^{a),s{P';v')}, S2(P; a) = min{s^(a), s(P>')}, 
where M^- = ]R(cr — a) n M and we regard a as an integral polytope in M((t — a) = (Mo-)]r. 

Note that si(P; P) = si(P), S2(P; P) = S2(P), and si(P; v) = S2{P; v) = s(P; v) hold for 
any vertex v. 

Proposition 3.14. Let a be a face of an n- dimensional integral polytope P in Mr. Set 
TT : Mm M^/R^a -a),P' = n{P), v' = 7i{a) as m DefinitionlKM Then, 

e{Xp,Lp;p) = mm{e{X„,L„; l„),s{P';v')} 

holds for any p E O^- 

Proof. We use notations in Definition 13.131 We may assume G cr, thus f ' = in M' = 
7r(M). 

Firstly, we show e{Xp, Lp;p) < mm{e{X„, L„;p), s{P';v')}. Note that ^(Xo-, Lo-; p) = 
e{X„,Lu; Icr) by the torus action. Since Lp\x^ = L„, the inequality 

e{Xp, Lp; p) < e{X„, p) ■ ■ ■ (*) 

is clear. By the definition of tt, there is a natural 1 to 1 correspondence between S := {r | a -< 
r -< P, dimr = dim a + 1} and S' := {r' | v' -< t' ~< P', dimr' = 1} by corresponding r G S 
to 7r(r) G S'. Fix r' G H' and let r G S be the corresponding face of P. Then by Proposition 
I3.10[ e{Xr, Lr] q) < S2{t) < \t'\ holds for q G Or- Since codim(Xo-, X,-) = 1 and Xr is 
normal, X^- is smooth at p. Therefore by the lower semicontinuity of Seshadri constants 
(see |La2l Example 5.1.11]), it holds that e{Xp, Lp;p) < e{X^, L^-^p) < e^Xt, L^-; q) < \t'\. 
Hence by definition of s(P'; v'), 

e{Xp,Lp;p) < min |r'| = s{P';v'). ■ ■ ■ {**) 

From (*) and (**), we have e{Xp, Lp;p) < mm{e{Xa-, L^-; p) , s{P'; v')} . 

Next we show the opposite inequality. Let C be a curve on Xp containing p. It is enough 
to show 

C.Lp > multp(C) ■ min{£(X^, L^;p), s(P'; v')}. ■■■{***) 

Case 1. C C X,. 

In this case, C.Lp > multp(C) ■^(Xo-, L^-; p) is clear by the definition of Seshadri constants, 
thus (* * *) holds. 

Case 2. C X„. 

We use the following claim: 

Claim 3.15. In this case, there exist r' G S' and an effective divisor D G \Lp ® mjT '| on 
Xp such that C (/l SuppD. 

If there exists such a divisor D, it holds that 

C.Lp = CD > multp(C) . \t'\ 

> mn\tp{C) ■ s{P';v') 

> multp(C) ■ min{£(X,,L,;p),s(P>')}- 
Thus the proof is completed by showing this claim. 
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Proof of Claim l3.15[ For r' G S', let v'^, be the vertex of r' different from v'. If r G H 
corresponds to r', there exists a vertex Vr of r such that 7r(f^) = Many vertices of 
r may satisfy this condition, but we choose one of them. Let x""^ G H^{Xp,Lp) be the 
section corresponding to Vr, and D^^ G \Lp\ the corresponding effective divisor on Xp. 
Since SuppD^,^ = [j^^^p^pXp, we have 

f|SuppZ}„, = U X,. 

^eH „^^p for^rGH 

By the choices of f,-, a does not contain any Vt-. If p y a and p ^ cr, then p contains some 
r G S, hence G r C p. Consequently, it holds that 

X, C fl Supp D,^ C X, U U Xp. 

Since Uo-T^p^p ^ closed set not containing p, Htsh Supp -Dt,^ coincides with X„ around 
p. Now C contains p and is not contained in Xo- by assumption, thus C is not contained 
in f]^g2 Supp Dt;^ . Hence we can choose tq G H such that SuppD„^^ does not contain 
C. Let Tq G S' be the corresponding face, and set e' = |rQ|~^t>:^^ G M'. (Note that 
we assume v' = 0, and Tq is the convex hull of v' and v'^,.) Then e' is the generator of 
^(^0 - t-q) n A-f = Mr^ n A-f ^ Z contained in r^. Fix e G M n 7c~\e'). Since = |r^|e', 
u := fro — ItqIc is contained in vr~-'^(0) fl M = M(cr — a) fl M. This means x^^o = ■ 
is contained in H^{Xp, Lp ® tnjT'), hence this Tq and D^^^ satisfies the condition in the 
claim. □ 

□ 

Remark 3.16. For a vertex v of P, we have e{Xp, Lp;p) = s{P;v) for the torus invariant 
point p = O^, by Proposition 13.141 When Xp is smooth, this is Corollary 4.2.2 in | BDH+ 



The invariant s{P']v') in Proposition 13.141 is easily computed. Thus, it is enough to see 
e{X„, L(j]l„) to compute e{Xp, Lp]p) for p G O^- But we can use Proposition 13.101 to 
estimate e{X„, L^; Therefore we obtain the following theorem: 

Theorem 3.17 (= Theorem [L3])- Let P C Mr be an integral polytope, a a face of P, and 
p E 0(^. Then, it holds that 

si{P;a) <e{Xp,Lp-p) < s^iP;^). 

Proof. This is easily shown from Propositions 13. 10 [ I3.14[ and the definitions of Si(P; a) and 
S2{P;a). □ 

Remark 3.18. Since Si(cr) = S2(cr) for cr C (Mo-)r when rankMg- = or 1, si(P;a) = 
e{Xp, Lp;p) = S2{P]cr) holds if dim cr = or 1. 

3.4. At a point in any orbit, Examples. 

Example 3.19. Unless otherwise stated, tt, P' and v' are as in Proposition 13. 141 
(1) Let Pn be as in Example 13.121 (1). We apply Proposition 13 . 141 to P„ and any face a Pn 
of codimension r. Then the image of P by vr is P' = P,., thus s{P',v') = 1. Since a is 
identified with Pn-r by some integral affine translation, e{Xcr, Lcr] la) = 1 holds by Example 
13.121 (1). Hence we have e{Xp^, Lp„;p) = 1 for any cr -< P and any p G Oo- by Proposition 

EH 



SESHADRI CONSTANTS VIA TORIC DEGENERATIONS 



17 



(2) Let P be as in Example 13.121 (2). Then we have e{Xp, Lp\p) = a for any p G Xp by 
Proposition 13.141 

(3) Let P be as in Example 13.121 (3). Then for any 1-dimensional face a of P, s{P',v') = 
\P'\ = 3 and Ig-) = 1. Thus e{Xp, Lp;p) = min{l,3} = 1 for p G O^- For any 
vertex v of P, e{Xp, Lp]p) = s{P]v) = 1 by Remark [3.161 Thus we have e{Xp, Lp;p) = 1 
for p e Xp\ Op. 

(4) For an integral polytope P C such that Xp is a Del pezzo surface and Lp = —Kxp, we 
can easily compute e{Xp, Lp;p) for any p by Propositions 13.71 and I3.14[ As a consequence, 
we know e{Xp, Lp;p) G {1, 2, 3} for such P and any p G Xp. 

(5) As (4), we can easily compute e{Xp, Lp;p) if Xp is a smooth toric Fano 3-fold and 
Lp = —Kxp. As a consequence, we know e{Xp, Lp;p) G {1,2,3,4} for such P and any 
p G Xp. 

(6) Let P be as in Example 13.121 (7), and a ~< P a. 1-dimensional face. Then it is easy to 
see Si(P;cr) = S2(P;cr) = min{|cr|, a6c/|(T|}. Thus we have 

e(P{a,b,c),0{l);p) = (abc)'^ mm{\a\, abc/\a\} = mm{\(T\ / abc, 1 / \a\} 

for p G Oo-. For example, e(P(a, 6, c), (9(1); p) = min{6/a6c, 1/6} = 1/ac for p G Oo- if cr is 
the convex hull of (0,0) and {ab,qb). Note that |cr| is not the Euclidean length of a in M^, 
i.e., \a\ is not 6a/ + but 6. 

When 0" -< P is a vertex, we can easily compute s(P; a). For example, 

e(P(a,6,c),C(l);p) = s(P; a) = min{l/6c, 1/ac} 

holds if cr = (0, 0) and p = 0„. 



In the above section, we study the Seshadri constants on toric varieties. In this section, 
we investigate non-toric cases by using toric degenerations. 

Definition 4.1. Let L be a nef R-divisor on a projective variety X and m = (mi, . . . , m^) G 
M^Q for r > 0. We say L(m) or L(mi, . . . , m^) is nef (resp. ample) if so is 



where pi, . . . ,pr are very general r points on X, /i : X — )■ X is the blowing up at Pi, . . . ,Pr 
and Ei is the exceptional divisor over pi. In other words, L{m) is nef if and only if 
e{X, L;m) > 1. We sometimes denote fi*L — Yll=i '^i^i by Lijn) for very general pi. 

Remark 4.2. To show the nefness of L{fn), it is enough to show fi*L — Yll=i ^i^i is nef for 
one choice of pi, . . . ,Pr- This follows from the openness of the ampleness condition as in 
[BI| Lemma. 6.1. A]. 

By using degenerations, we can show the nefness (resp. ampleness) of a divisor from 
the nefness (resp. ampleness) of other divisors. The following theorem is a straightforward 
generalization of Theorem 2. A in jBi] : 

Theorem 4.3. Let f : X ^ T he a flat projective morphism over a smooth variety T 
with reduced and irreducible general fibers, and C an f-nef (resp. f -ample) divisor on X. 
Let Xi = f^^{t) be the scheme theoretic fiber of f , Lt = C\xt for t & T . Assume that 



4. Seshadri constants and toric degenerations 



r 




i=l 
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Yi ^ i ^ f^) irreducible components of the central fiber Xq (0 G T) with the reduced 
structures (other components may exist). We assume the following: 

(i) Xq is reduced at the generic point ofYi for any i, 

(ii) There exist ki E N and — (m^*\ . . . , m^*^) G M^'q for 1 < i < r such that 
£|y.(m''*'') is nef (resp. ample) for any i. 

Then Lt{rn^^\ . . . , rn^'^^) is nef (resp. ample) for very general t E T. 

Proof. Fix very general points Pi \ . . . ,p^^^ in Yi for i = 1, ... ,r. 

Firstly, we assume that there exist sections of /, {o"]*''} for 1 < i < r, 1 < j < ki 
satisfying o-j^\o) = p^^ . By shrinking T if necessary, we may assume a^\T) fl cij* \t) = % 
for (i, j) 7^ {i' Let ji : X' ^ X he the blowing up along a'^-\T), S^^ the exceptional 
divisor over crj '^T), and set C = n*C - ^ mfsf. Then for very general t, 

f,t:{foi,)-\t)^f-\t)=X, 

is the blowing up along S^^^/cj smooth points {Cj'\t)}, and it holds that 

where Ej'J is the exceptional divisor over crj'\t). By the assumption ii) and the choice of 

p^^\ the restriction of JC' on the fiber of / o : A"' — > T over is nef (resp. ample). Hence 

£'|(/o^)-i(t) = l^t^t — Yliij''^f'E'j} ^^^o (resp. ample) for very general t e T. Thus 
Lt{fn^^\ . . . ,fn'^^^) is nef (resp. ample). 

In general there may not exist such sections, but we can make sections by a base change 
as follows. 

From the assumption i) and by cutting by sufficiently ample divisors on X, there exists 
a subvariety U G X such that U contains all p^'^ and the restriction /|[/ : [/ — > T is etale 
at pf for any Set C/W = U Xj . . . Xj- U for k E N. Then the natural morphism 

^ V ' 

k 

a : U^^''^^ = U^^^^ Xt.-.Xt U^'"'^ ^ T is etale at p = (p('))i G f/^^^) Xt . . • U^^-\ where 
p{i) ^ {p^j'')j G U^^'\ Thus there is an open neighborhood V C f/'^'^^^ x^ . . . Xy U^^''^ of p 
such that a\v '■ V ^ T is etale. Then by base change we have a diagram 

X XtV^^X 

o f 
V^^T. 

Since a\v is etale, g~^{v) = f~^{a{v)) — Xo.(v) for v e V, and g and /3*C satisfy the 
conditions i) and ii) for the central fiber g~^{p) — Xq and Yi. (Note a{p) = G T.) The 
morphism 

Xt . . . Xt f/^*^''^ ^ U^''*^ — ^ f/ > A' 
induces a section aj*'' of g, where TTj and zuj are the i-th and j-th projections respec- 
tively. Since o-^^\p) = p^f G Xq = g~^{p) by the definition of aj''\ we can use the 
first part of this proof. Thus, {/3*C)\g-i(^y){fn^^\ . . . ,m^^^) is nef (resp. ample) for very 
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general v E V. If we identify Xa(v) with g~^{v), La(v){jn^^\ . . . ,m^'^^) is identified with 
(/3*£)|g-i(„)(m'^"'^\ . . . , m*^'')). Since a\v is etale, particularly generically surjective, the nef- 
ness (reps, ampleness) of Lt{fn^^\ . . . ,fn^^^) follows for very general t eT. □ 

Corollary 4.4. Let f : X ^ T, C, Xq and Yi he as in Theorem \4-3\ satisfying condition 
(i). Moreover assume that there exists an integral polytope Pi such that the normalization 
of (Fj,£|y.) is isomorphic to {Xp^,Lp-) as a polarized variety for each 1 < i < r. Then 
Lt{ei, . . . ,er) is nef for very general t eT, where Si = e{Xp^,Lp^; Ip.). 
In particular, Lt{si{Pi), . . . , Si{Pr)) is nef for very general t eT . 

Proof. Since the normalization is isomorphic over a non-empty open set in Yi, it holds 
that e{Xp., Lp.; 1) = e{Yi, 1). Applying Theorem 14.31 to ki = 1, m^*^ = the nefness of 
Lt{ei, . . . jEr) follows for very general t eT. The last statement is clear from > si(Pj). □ 



5. Examples in non-toric cases 

Theorem 14.31 and Corollary 14.41 tell us a strategy for obtaining lower bounds of (multi- 
point) Seshadri constants at very general points: 

Finding degenerations to (unions of) polarized varieties whose Seshadri constants are 
more computable, such as toric varieties. 

Toric degenerations are studied very well, thus we know many such degenerations. Further- 
more the assumption that the normalizations are toric in Corollary 14. 41 is weaker than usual 
toric degenerations, which assume the irreducible components are normal toric themselves. 
Therefore we can find more such degenerations. Of course, we do not know when such 
degenerations exist in general. The obtained lower bounds may not be good even if such 
degenerations exist. But if we can find good degenerations, we sometimes get good lower 
bounds as we will see in the rest of this paper. 

In this section, we estimate Seshadri constants on some non-toric varieties by using The- 
orem U]3] and Corollary 14. 4[ 

5.1. Hypersurfaces and complete intersections in projective spaces. In this subsec- 
tion, we study Seshadri constants on hypersurfaces or complete intersections in projective 
spaces. For positive integers di, . . . ,dk and n, we denote by X^_^^ a very general complete 
intersection of hypersurfaces of degrees di, . . . ,dk in 

Firstly, we estimate e{X, 0{1); 1) for a very general complete intersection X: 

Proposition 5.1. Let di,...,dk and n he positive integers. Suppose that there exist a 
positive integer a and natural numhers li, . . . ,lk such that Yl^=i h ~ ^''^^ — hold for 
any 1 <j <k. Then e{X^^^ ^a^,0{l); 1) > c holds. 

In particular, e{X^, C^(l); 1) > [v^] holds for any d eN\0. 

Proof. We prove this proposition by 3 steps. 

Step 1. Firstly, we find a not necessarily normal toric variety which is a complete 
intersection of hypersurfaces of degrees di, . . . ,dk in P"+'^. Let d^j^ be natural numbers for 
1 < i < n,l < j < k such that 1 + XliLi ~ holds for any j. We consider the following 
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homogeneous polynomials 

^(1) rf(2) ,{„) 



n^d\ 1 1 T"" 

-'O ~ -'l -'2 ■■■-'n -'j 



n+1 



, w(l) j(2) ,(n) 

Tia2 m"2 'T"'2 rpdX rp 

n+1 — J- 1 J- 2 ■■■J-n J'n+2 

where Tq, . . . , T„+fc are the homogeneous coordinates of P'^+^. It is not hard to see that the 
intersection X of the hypersurfaces defined by these polynomials is reduced, irreducible, and 
n-dimensional, i.e., a complete intersection variety in 

Set P be the image of conv(0, ei, . . . , Cn+k) C ]R"+'^ by the lattice projection 

TT : R"+'^ = {Z"'+% (Z"+VM)k, 



where M is the subgroup of Z"+^ spanned by X]r=i ^iCi + e„+i and XliLi djCi — djCn+j-i + 

Bn+j for 2 < j < k. Note that X]i=i '^1 + ^n+i comes from Tq^ = T^^ ■ ■ -Tn^ T„+i 
for example. By Lemma 13.41 (X, (9(1)) is a not necessarily normal toric variety whose 
normalization is {Xp,Lp). Since -^^^ ... (i^. degenerates to X, we have ^^^,C(1); 1) > 

e{Xp, Lp] 1) by Corollary 14.41 Thus it suffices to show e{Xp, Lp;l) > c for a suitable choice 



of rf^ 



(i) 

(i) 



Step 2. Secondly, we estimate e{Xp,Lp; 1) by dj . We denote 7r(ei) by [e/] for 1 < / < 

n + k. Since the coefficient of e„+i in Yl^=i di'^^i + e„+i and that of Cn+j in ^ILi ^^f^i ~ 
djCn+j-i + Cn+j are 1 for 2 < j < k, we can take [ei], . . . , [e„] as a basis of Z^+^/M. It is easy 
to see that P is the convex hull of [ei], . . . , [e„], and [e„+A;]. Since [e„+i] = — X]r=i 
and [cn+j] = - Zl"=i + dj[en+j-i], we can show [e„+fc] = - XlILi 

a« = J2dfdj+i---dk 

i=i 

By Example 13.121 (8), we have 



e{Xp,Lp;l) > min , 

l<i<n 



where b^^ = a^^ + a(*+i) + ■ ■ ■ + a^") + 1 for 1 < z < n and = 1. 

Step 3. Note that X^^^ = Cij ^d^""'^ degenerates to f].{X'^+''-^ U X^+^-^^). Since 



X"^ and X"^ I- are very general, X";^ c'fc ^ Hj -^"^ is an irreducible component 
of f] .(X"+''~^ U X'^+^7.^). By applying Theorem 14.31 to this degeneration, we have 

e(X,"^_,^, 0(1); 1) > e(X\_^,,, 0(1); 1). 
Thus it is enough to show this proposition for dj = c'-''. 
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Let US define for dj = c'^ sucli tliat = c for any 1 < i < n. Set c?^*^ as 

follows: 

, hi 



rf« = J (c- l)c'^^-* if /ij-i < z < /i,- 
■' I otherwise, 



where hj = li + ■ ■ ■ + Ij for 1 < j < k and Hq = 0. Note = X]j = ''^ ^^^1 (i^- 
c'-?' — 1 = — 1. For each i, we define jj to be the unique j satisfying hj_i < i < hj. Then 
we have 

a« = rf.^+i ■ ■ ■ 4(c - l)c^^^-' = (c - l)c"-\ 

Since = a^*) + we have h^^ = Thus h^^ lb^'+'^~^ = c"+i-7c"-^ = c, which 

proves this proposition. □ 

Example 5.2. If we choose carefully, we may obtain a better estimation than that of 
Proposition 15.11 We use notations as in the proof of Proposition 15.11 
(1) Let 2 < c/i < . . . < c/fc be positive integers such that Ylj dj < n + k. Then X^^ 
is a Fano n-fold such that —Kx" = 0{n + /c + 1 — Xli '^j)- If Tli^j < n + k, it 
is known that ^ is covered by lines (cf. [Debt Proposition 2.13]). Hence we have 

Now assume dj = n + k. Then X^^_ is a Fano n-fold such that —Kx^ ^ = C(l). 
We can show e(X^^ . .^rf^,, 0{1); 1) = dk/{dk — 1) as follows: 



We define d^*^ by 



otherwise, 



where h'j = {di — 1) + ■ ■ ■ + {dj — 1). Note h'/^ = Yl^=ii^j ~" 1) = J2j dj — k = n. Then we 
have a*^*^ = dj+i ■ ■ ■ dk and fe*^*-* = dj+i ■ ■ ■ dk{h'- + 2 — i) for < i < h'-. By Steps 1 and 2 
in the proof of Theorem 15. H it holds that 

eiXl ^ , C(l); 1) > min -f— = min = 

Next, we show £:(X^^^ ^^^,C(1); 1) < dk/{dk — 1) by finding a curve C C X^^^ such 
that CC(1)/ multp(C) = dk/{dk — 1) for any very general point p G X^^ 

Let Fi, . . . , Ffc be homogeneous polynomials in C[To, . . . , T„+fc] of deg rees c?i, . . . , 4 respec- 
tively such that X^^_ = (Fi = ■ ■ ■ = = 0). We may assume p = [1 : : . . . : 0] G P"+'=. 
Then there exist homogeneous polynomials G C[Ti, . . . ,T„_|_fc] such that degFj = i and 

= E£i Tq'~'F^. Let Dj and F)} C P"+'= be the hypersurfaces defined by Fj and 
respectively. Then 

i=l 

for 1 < J < A; — 1, and 

Pi F)^ n (ToF^^'=-^ + F^' =0) = {F^ = ... = F^>^-^ = %F^^-^ + F^'' = 0) C Dk. 

i=l 
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Note that all are general since and p are general. Hence 

C := fl fl n fl n (ToF^^'' + Ft = 0) 

j=l i=l \ i=l , 

is a complete intersection curve in P"+'=, and p E C G Cij^iDj = By definition, 

degC = J]d,!-(4-2)!-4 

and 

fc-i 

multp(C) = 

Thus we have £(X,"^ ^,,^^(1); 1) = e{Xl < degC/ multp(C) = 4/(4 - !)• 

Therefore e{Xl^^ ,,^,0{1)- 1) = 4/(4 - 1) holds. 
For example, we have 

£(X|,0(1);1) = 4/3, 
£(Xj3,0(l);l) = 3/2, 

£(X2%,2,C?(1);1) = 2 

when n = 3. 

(2) When = 1, we denote d = di, ci*^*^ = d^^^ for simplicity. Then, a*^*^ = d*^*) for any i. Thus 
we have 

/7(*) _|_ . . . _|_ _|_ 1 

.W.O(l);l)>min ^,.^„^ ^^,„,^^ . 

In other words, 

.(X,«,0(l);l)>min(^,^,...,^,^ 

holds for any increase sequence of positive integers 1 < c„ < c„_i < ■ ■ ■ < ci = c?. 

When n = 2, set ci = rf, ca = ]• Then e{Xj,0{iy,l) > min{[v^ ],d/\Vd]} = 
d/\\/d ] holds. From this and Proposition 15.11 we have 

e{XlO{l);l) > max{[v^J,rf/[v^l}. 

When d > 4, e{Xl C(l); 1) > [Vd \ follows from Proposition 1 in [St] as well since Pic X = 
ZOx{l). But d/\y/d] is a new estimation. For example, e{Xj, 0{1); 1) > 7/3 holds. 

Remark 5.3. "In particular" part of Proposition 15. i.e., £:(X^,C(1);1) > [v^Ji can be 
shown easily without using estimations in toric cases as follows. 

By the first statement of Step 3 in the proof of Proposition 15. we may assume c? = c" for 
c G N\0. We consider the embedding i : P" defined by |(9pn(c)|. By a suitable linear 

projection vr : P^ P""''-'^, vroi : P" — )■ P"+i is a finite birational morphism onto the image 
Y -.= 710 i(P"). Thus e{Y, C(l); 1) = £(P", C(c); 1) = c holds since (vr o i)*Cy(l) = Cpn(c). 
By definition F is a hypersurface of degree d in P"+^, hence X^ degenerates to Y. Therefore 
we have e{X^, C'(l); 1) > e{Y, 0{1); 1) = c = [a/5J by the lower semicontinuities of Seshadri 
constants. 
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Similarly, we can show (9(1); m) > ce{X^,0{l);m) for any c,d G N \ and 

m e RIq by considering --^ P"+i. 

Next, we study multi-point cases. The following proposition looks like Theorem 2. A in 
jBi] somehow: 

Proposition 5.4. Let di, . . . ,dk,a, b, and n be positive integers for A; G N. We denote by 
La, Lb, and La+b the mvertible sheaf 0{1) on X^^ , ,^d„a, X2,,...,d^,b> (^^d X2^^,„^d„a+b respec- 
tively. 

If Lairfii) and Lb{fn2) are nef (resp. ample) for Wii G M^g 0'ndm2 G M^^q, then La+b{^i,^2) 
is also nef (resp. ample). 

Proof. A very general hypersurface X^^j^ C P"+^+i of degree a + b degenerates to the union 
X2+'' U of hypersurfaces of degrees a and b. Thus A:^^,...,rf^,„+b = ^ ^"-^ft'' 

degenerates to n U X^+'') = X2^_d,,a U ^d" Applying Theorem SSI to 

this degeneration, the proposition follows. □ 

As a corollary of Proposition 15.11 and Theorem 14.31 or Proposition 15. 4^ we obtain estima- 
tions of multi-point Seshadri constants on hypersurfaces in projective spaces: 

Theorem 5.5 (=Theorem 11.81) . Let X^ be a very general hypersurface of degree d in ¥"'^^. 
Then it holds that 

[^d/{m'l + --- + m^)\ <e{X2,0{iy,m) < ^/d/{ml + ■ ■ ■ + m^) 

for any m = (mi, . . . , m^) G (N \ 0)''. 

Proof. The second inequality is clear since (9x^(1)"' = d. Thus it remains to prove the first 
inequality. For simplicity, set c = [ ^ d/ (m^ + ■ ■ ■ -|- mp)J . Let di, . . . ,drhe natural numbers 
such that d = di + . . . + dr and di > {crrii)"-. We can choose such di because d > ^j(cmi)"'. 
By Proposition 15. H £(X^., (9(1); 1) > crrii holds. Note that crrii is an integer. Since X^ 
degenerates to IJi=i -^d^ "^^^ apply Theorem 14.31 and we know Ld{cmi, . . . , crrir) is nef, 
where La is the invertible sheaf 0{1) on X^. Hence e{X2, (9(1); m) > c holds. □ 

5.2. Fano 3-folds with Picard number 1. In this subsection, we estimate Seshadri con- 
stants on a smooth Fano 3-fold X with Picard number 1, i.e., X is a smooth projective 
variety of dimension 3 such that —Kx is ample and PicX = Z. The index of X is the 
positive integer r such that —Kx = rH, where H G Pic X is the ample generator. 

Toric degenerations of Fano 3-folds are studied by many authors. Small toric degenera- 
tions of Fano 3-folds are treated by |Gaj . and [Ul] investigated complete intersection cases 
in (weighted) projective spaces and homogeneous spaces. In [ILPj . Ilten, Lewis, and Przy- 
jalkowski studied remaining cases of Fano 3-folds with Picard number 1. They showed that 
every smooth Fano 3-fold of Picard number 1 has a toric degeneration and gave an explicit 
description of the moment polytope of the central fiber. Most of the degenerations in |ILP] 
give good lower bounds of Seshadri constants. 

Example 5.6. Let X C P(l,l,l,l,3) be a very general hypersurface of degree 6. By 
|ILP| First Main Theorem], (X, (9(1)) degenerates to (Xp,Lp) (as a Q-polarized variety) 
for P := conv(ei, 62, 63, — l/3(ei + 62 + 63)) C M^. It is easy to see si(P) > 6/5. Thus we 
have e{X, (9(1); 1) > 6/5 by Corollary g21 
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We can show e{X, 0{1)] 1) < 6/5 by similar arguments as Example 15.21 (1), but we give 
a little more geometrical proof here. 

Fix a very general point p E X. Define p' G X by {p,p'} '■= ip~^{ip{p)), where ip : X ^ 
is the double cover defined by \Ox{l)\- Since dimi/°(X, 0(3)) = 21 and dimCx/m^ = 20, 
there exists S G |(9x(3) ® mp|. Then multp(S') = 4 because X and p are very general. It is 
not hard to see that 5* does not contain p'. Let vr : X — )■ X be the blowing up at {p,p'}, 
and set E, E' be the exceptional divisors over p and p' respectively. Let S" C X be the strict 
transform of S, and set ijj = ip\g : 5 — )■ 5 and F = E\g. Then F^ = — multp(S') = —4. 
Since <^*Cx(l) - ^ - ^' is base point free, so is {<p*Ox{l) -E-E')\^ = ij*Os{l) - F. Let 
/ : 5 ^ P2 be the morphism defined by '^*Os{l) - F. By e{S, C(l);p) > e(X, 0(l);p) > 
1, we know ip*Os{^) — -F is ample. Thus / is a finite morphism. Since /^,F.(9p2(l) = 
F./*Op2(l) = fI^*Os{1) - F) = 4, we have f,F ~ Op2(4). Thus D := f*f,F - F is 
an effective divisor and D ~ tlj*Os{4:) — 5F. Hence iIj*Os{^) — Q/5F is not ample because 
D.{iP*Os{l) - Q/5F) = {ij*Os{'i) - 5F).{iP*Os{l) - 6/5F) = 0. Thus e(X,0(l);l) = 
e{X,0{l)]p) < 6{S,0{iy,p) < 6/5 holds and we have £(X,0(1),1) = 6/5. 

It is known that there are 17 families of smooth Fano 3-folds with Picard number 1. For 
each case, we can compute the Seshadri constant as follows: 

Theorem 5.7 (=Theorem ll. lOp . For each family of smooth Fano 3-folds with Picard number 
1, e{X, —Kx'i 1) is as in TableUl where X is a very general member in the family. 

Proof. For No.l - 4 in Table [H e{X, —Kx', 1) is computed in Examples 15.21 (1) and 15.61 (In 
fact, degenerations in |ILPj for No.2-4 give same lower bounds as Examples 15.21 (1) though 
some of their degenerations are different from those of Examples 15.21 (1).) 
For No. 5- 17, we can show the following: 

( 2 forNo.5-15 
£(X, -Kx; 1) > < 3 for No.16 ■■■(*) 
[ 4 for No.l7. 

Except No. 11, these lower bounds are obtained by applying Corollary 14.41 to the degen- 
erations in |ILPt First Main Theorem]. 

In No. 11 case, the moment polytope of the central fiber of the degeneration in |ILP] 
is P' = conv(e3,2ei — 63,62 — 63, — 2/36i — 2/362 — 63). By the 2nd projection, we have 
Si{P') < S2{P') < 5/3. Thus Si(P') is not so large. Instead of this degeneration, we 
consider the following degeneration, whose construction is essentially same as Proposition 

o 

Let To, Ti, T2, T3, T4 be weighted homogeneous coordinates on P(l, 1, 1, 2, 3) with deg Tq = 
degTi = degT2 = 1, degT3 = 2, degT4 = 3. Then Xq := (T| = TfTlTg) C P(l, 1, 1, 2, 3) is 
a non-normal toric variety whose moment polytope is P = conv(0, 61, 62, —61 — 62 + 63). A 
very general hypersurface X in P(l, 1, 1, 2, 3) of degree 6 degenerates to Xq. Since —Kx = 
Ox{2), {X,-Kx) degenerates to {Xo,Ox,{2))- Thus eiX,-Kx;l) > £(Xo, Oxo(2); 1) = 
£(X2P,L2P;l)>Si(2P) = 2. 

Next, we think about the upper bounds. For No. 5 -10, it is known that X is covered 
by conies, i.e., for any general p G X, there exists a smooth rational curve C containing p 
such that C.{-Kx) = 2 (cf. ^ Chapter 4]). Thus e{X, -Kx] 1) < 2 in these cases. For 
No. 11- 15, —Kx = 2if holds for the ample generator H. Assume that e{X, —Kx', 1) > 2, 
i.e., —Kj^ = fi*{—Kx) — 2E = 2{^*H — E) is ample for the blowing up /i : X — )• X at a 
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very general point p G X and E = fi ^{p). Then X is a Fano 3-fold of index 2, i.e., a Del 
Pezzo 3- fold, and the Picard number is 2. By the classification of Del Fezzo manifolds (cf. 
jlPl §12.1]), {-K^f = 8{7i*H - Ef must be 8 ■ 6 or 8 ■ 7, which contradicts < 5. Thus 
e{X, —Kx'i 1) < 2 holds for No. 11 - 15. For No. 16 and 17, X is covered by lines since X is a 
smooth quadric or P^. Hence e{X, —Kx] 1) = re{X, H;l) < r holds for the index r and the 
ample generator H for No. 16 and 17. 

Thus the inequalities in (*) are in fact equalities, and the proof is completed. □ 

5.3. Other examples. To apply Corollary 14.41 we have to find toric degenerations. We 
give some examples which degenerate to (unions of) toric varieties. 

Example 5.8. Let G be a connected reductive group. Alexeev and Brion |ABj proved 
that any polarized spherical G-variety (X, L) admits a flat degeneration to a polarized toric 
variety over and gave an explicit description of the moment polytope of the central fiber. 
Note that this degeneration is trivial over \ {0}. Hence we can get a lower bound of 
e{X,L] 1) by applying Corollary 14.41 to this degeneration. 

Example 5.9. For an n- dimensional polarized variety (X, L) and a flag Y, of subvarieties 
of X, that is, a chain X = Yq D Yi D ■ ■ ■ D Yn, where Yi is a subvariety of codimension i in 
X which is nonsingular at the point Yn, we can define the Okounkov body Ay. (L) C M"" (see 
|LM] or |KK] ) . Roughly, we defines a graded semigroup F C N x N" from (X, L) and Y,, and 
A(L) = Ay, (L) is defined to be the intersection of {1} x M" with the closure of the convex 
hull of F in R X M". Note that A(L) is nothing but the moment polytope A(F) if F is finitely 
generated (cf. Definition 13. ip . Anderson |An] showed that if F is finitely generated, (X, L) 
admits a fiat degeneration to the not necessarily normal polarized toric variety (X(F), L{r)) 
over A-*^ which is trivial over A-*^ \ {0}. Thus e{X,L;l) > £:(Xa(l)5 -^a(l); 1a{l)) holds by 
Corollary 14.41 in this case. The author |Itlj proved that e{X,L; 1) > £:(Xa(l)5 -^a{l); 1a(l)) 
holds without the assumption that F is finitely generated if we define e{X^, L^; 1a) for any 
closed convex set A C M" suitably. 

Example 5.10. (cf. | BBC+i 3.10]) Let P be an integral polytope of dimension n in Mk. 
A polytope decomposition P of P is a finite subset of {a | a is a polytope in Mr} such that 

(i) P = [j.ev^^ 

(ii) if a eV and r is a face of a, then r eV, 

(iii) if a, a' G V, then a fl cr' is either a common face of a, a' or empty. 

We say V is integral (resp. rational) if all a eV are integral (resp. rational) polytopes. For 
example, a rational affine function / : Mr — )■ M defines a rational polytope decomposition 
Vf of P by Vf := {a H f-\[0, +oo)), a H f-\0), a H f-\{-oo, 0])}.^p. 

Let V be an integral polytope decomposition of P. If there exists a function : P — )■ M 
such that 

(a) ip is piecewise affine and strictly convex with respect to V, 

(b) ip takes integral values at all m G P fl M, 

then one can construct an n + 1 dimensional toric variety X, an ample line bundle C on 
X, and a projective toric morphism f : X such that Xq = IJi=i -^Pi^ ^Up = -^p, 

Xf = Xp, Lt = Lp for any t G A^ \ {0}, where {a E V \ dim a = n} = {Pi, . . . , P^}. See 
|GS] for example. Thus in this case Lp{si{Pi), . . . , si{Pr)) is nef by Corollary 14.41 Such 
(fi exists at least for the decomposition kVf = {ka}creVf of kP defined by a rational affine 
function / if A; G N is sufficiently large and divisible. 
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10 

For example, Theorem 0.6 in [Ecj, which states £:(P^, 0{1)] 1, . . . , 1) > 4/13, follows from 
this argument by using his decomposition of conv(0, ei, 62) C in his paper. 

References 

[AB] V. Alexeev and M. Brion, Toric degenerations of spherical varieties, Selecta Math. (N.S.) 10 (2004), 
no. 4, 453-478. 

[An] D. Anderson, Okounkov bodies and toric degenerations. l arXiv: 1001. 45661 

[Bau] T. Bauer, Seshadri constants and periods of polarized abelian varieties, with an appendix by the 

author and Tomasz Szemberg. Math. Ann. 312 (1998), no. 4, 607-623. 
[BBC+] T. Bauer, C. Bocci, S. Cooper, S. Di Rocco, M. Dumnicki, B. Harbourne, K. Jabbusch, A.L. Knut- 

sen, A. Kiironya, R. Miranda, J. Roe, H. Schenck, T. Szemberg, and Z. Tcitler, Recent developments 

and open problems in linear series, arXiv:1101.4363, 
[BDH-I-] T. Bauer, S. Di Rocco, B. Harbourne, M. Kapustka, A. Knutsen, W. Syzdek, and T. Szemberg, 

A primer on Seshadri constants, Interactions of classical and numerical algebraic geometry, 33-70, 

Contemp. Math., 496, Amer. Math. Soc, Providence, RI, 2009. 
[Bat] V.V. Batyrev, Toric Fano threefolds, Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), no. 4, 704-717, 927. 
[Bi] P. Biran, Constructing new ample divisors out of old ones, Duke Math. J. 98 (1999), no. 1, 113-135. 
[CI] J. Christophersen and N.O. Ilten, Stanley- Reisner degenerations of Mukai varieties, arXiv:1102.452T'. 
[Deb] O. Debarre, Higher- dimensional algebraic geometry, Universitext. Springer- Verlag, New York, 2001. 

xiv-|-233 pp. 

[Dem] J. P. Demailly, Singular Hermitian metrics on positive line bundles. Complex algebraic varieties 
(Bayreuth, 1990), 87-104, Lecture Notes in Math., 1507, Springer, Berhn, 1992. 

[Di] S. Di rocco. Generation of k- jets on toric varieties. Math. Z. 231 (1999), no. 1, 169-188. 

[Ec] T. Eckl, An asymptotic version of Dumnicki's algorithm for linear systems in CP'^, Geom. Dedicata 
137 (2008), 149-162. 

[EKL] L. Ein, O, Kiichle, and R. Lazarsfeld, Local positivity of ample line bundles, J. Differential Geom. 42 

(1995) , no. 2, 193-219. 

[Ei] D. Eisenbud, Commutative Algebra,with a View Toward Algebraic Ceometry, Graduate Texts in Math, 

no. 150, Springer- Verlag, New York, 1995. 
[Fu] W. Fulton, Introduction to toric varieties. Annals of Mathematics Studies, 131. Princeton University 

Press, Princeton, NJ, 1993. xii+157 pp. 
[Ga] S. Galkin, Small toric degenerations of Fano threefolds, http://sergey.ipmu.jp/std.pdf, 2008. 
[GS] M. Gross and B. Siebert, An invitation to toric degenerations, arXiv:0808.2749, 

[HW] J.-M. Hwang and J.H. Keum, Seshadri- exceptional foliations. Math. Ann. 325 (2003), no. 2, 287-297. 
[ILP] N.O. Ilten, J. Lewis, and V. Przyjalkowski, Toric Degenerations of Fano Threefolds Giving Weak 

Landau- Cinzburg Models, arXiv: 1102. 4664 , 
[IP] V.A. Iskovskikh and Yu.G. Prokhorov, Fano varieties. Algebraic geometry, V, Encyclopaedia Math. 

Sci., 47, Springer, Berlin, 1999. 
[Itl] A. Ito, Okounkov bodies and Seshadri constants, preprint. 
[It2] A. Ito, Algebro- geometric characterization of Cayley polytopes, preprint. 

[KK] K. Kaveh and A. G. Khovanskii, Newton convex bodies, semigroups of integral points, graded algebras 

and intersection theory, arXiv:0904.3350, 
[Lai] R. Lazarsfeld, Lengths of periods and Seshadri constants of abelian varieties. Math. Res. Lett. 3 

(1996) , no. 4, 439-447. 

[La2] R. Lazarsfeld, Positivity in algebraic geometry I, Ergebnisse der Mathematik undihrer Grenzgebiete, 

vol. 48. Springer, Berlin (2004). 
[LM] R. Lazarsfeld and M. Mustai^a, Convex bodies associated to linear series, Ann. Sci. Ec. Norm. Super. 

(4) 42 (2009), no. 5, 783-835. 
[MP] D. McDuff and L. Polterovich, Symplectic packings and algebraic geometry. Invent. Math. 115 (1994), 

no. 3, 405-434. 

[Nal] M. Nakamaye, Seshadri constants on abelian varieties, Amer. J. Math. 118 (1996), no. 3, 621-635. 



SESHADRI CONSTANTS VIA TORIC DEGENERATIONS 



27 



[Na2] M. Nakamaye, Seshadri constants and the geometry of surfaces, J. Reine Angew. Math. 564 (2003), 
205-214. 

[RT] J. Ross and R. Thomas, A study of the Hilbert-Mumford criterion for the stability of projective vari- 
eties, J. Algebraic Geom. 16 (2007), no. 2, 201-255. 

[St] A. Steffens, Remarks on Seshadri constants. Math. Z. 227 (1998), no. 3, 505-510. 

[WW] K. Watanabe and M. Watanabe, The classification of Fano 3-folds with torus embeddings, Tokyo J. 
Math. 5 (1982), no. 1, 37-48. 

Graduate School of Mathematical Sciences, the University of Tokyo, 3-8-1 Komaba, 
Meguro-ku, Tokyo 153-8914, Japan. 

E-mail address: itoatsu@ms.u-tokyo.ac.jp 



